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Communicating Short Messages with Feedback

* Feedback does not increase capacity, but
* For short messages, it can increase the rate

 Two main ways to use feedback

1. Stop Feedback - that only decides when to stop transmission

2. Full Feedback - that helps determine each transmitted symbol
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Full Feedback System Model
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Stop Feedback System Model
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Stop Feedback System Model
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Feedback Timeline

Yang, Antonini, Gimelshein
hannon 1 Burnashev 197 Polyanskiy, Poor, Verdu 2011 ! g !
Shannon 1956 urnashev 1976 olyanskiy, Poor, Verdu 20 Wesel 2020-2024
Even Full Feedback does not increase Analytical proof that feedback improves Achievability bounds for stop-Feedback Improved bounds and low complexity
capacity error exponent for finite block-lengths posterior matching for full feedback on
the BSC
Vakilinia, Williamson,
Horstein 1963 Shayevitz & Feder 2011 Ranganathan, Wang, Yang,
Wesel
Brilliant algorithm using full feedback on Posterior Matching — generalizes Horstein Stop feedback for practical

the binary symmetric channel

for any DMC communication




Communicating Short Messages

A Play in Three Acts

1. Feedback does not increase capacity

2. Stop feedback increases the rate of short
messages that achieve a target reliability

3. Full feedback further increases the rate of short
messages that achieve a target reliability
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Act 1:
Feedback does not increase capacity.
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Even Full Feedback does not increase capacity

Shannon

http://owpdb.mfo.de/detail?photo_id=3807, CC BY-SA
ons.wikimedia.org/w/index.php?curid=45380422
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Consider the gain in mutual information Al
from transmitting X; = f(W, Yi--Yi4 )

Ty

feedBack: B =Y, --

Mutual information between message W/ and receiver’s knowledge

Before we send X; = f(W, Y; ~-Yj_1): I(W;B)

After we send X; =f(W,Y1--~Yj_1): I(W;B,Y))

Al =1(W;B,Y;) —I(W;B)

V[aWy Samuell
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It turns out that A/cannot exceed C

Al = Pz (b) A I(b)
;B

For each possible feedback b, A I(b) < C.
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Act 2:
Stop feedback increases the rate
of short messages that achieve a
target reliability
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“Stop” Feedback for Short Messages
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Information Density i

* Information density i is The stochastic symbol-wise random
variable whose expectation is the mutual information.

* Computed per possible codeword using a received symbol y;
and the corresponding symbol X;from a potential codeword.

fY|X(yj|-'i'j)

i(yj?',i.j) — 10g2 fY(yJ) (21)
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Information Density

* Computed using a received symbol y; and the corresponding
symbol Xx;from a potential codeword.

i(y;, ;) = log, fyz((?j/jjng) 21

e Accumulated information density (AID) adds up these symbol-
wise terms.

n

o fyvix (y;l£5)
namy =31 22
i(y", 2") ; % ) (22)

Samueli
UCLA School of Engineering 15

Copyright 2018 Richard Wesel



Accumulated Information Density and I(X;Y)

n

iy, &7 = ZlOgQ fY|X(yj|wj) (22)
=1

fy (y;)
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The Information Density Stopping Rule

* The receiver decides to terminate decoding when the accumulated
information density for one of the possible codewords is above y.

* Reasonable values of y are on the order of the number of bits k in
the message.

* Increasing y lowers the probability of error but also increases the
stopping time.

r=inf{n >0:4(X"Y") >~} (25)
7=inf{n >0:4(X™";Y"™) >~} (26)
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Block-length n* where i > k: k=10,000 bits

Information-density stopping time, k =10000, C=0.6421, SNR=2.000 dB

-== Shannon k/C =15573, R=0.6421
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Block-length n* where i > k: k=96 bits

Information-density stopping time, k=96, C=0.6421, SNR=2.000 dB
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A dramatic increase in rate at short blocklength

BI-AWGN Channel, SNR = 2dB, Capacity=0.6422
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BI-AWGN Channel, SNR = 2dB, Capacity=0.6422
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Limite Feedback, but more than Stop Feedback

BI-AWGN Channel, SNR = 2dB, Capacity=0.6422
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Rate-Compatible Coding with Limited Feedback

Vakilinia
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UCLA School of Engineering 5/

e " a0
b \ e B e A x P e 2l . o % . . .
t.\oc“ In(“\a- w20 -...o\“ axoﬂ\o‘}sp of RGN\ § Aﬁ“\e A \I\Jﬁm\\e‘“zscpeébac 'ﬂ\c\“ ol 0‘ S\ M ~ &\\o\ﬂs C yrig ht 2018 Ri Ch a rd We Sel

e{&“v. of 0



A Rate-compatible Encoder

k bits of user information

Rate-Compatible Encoder

Initial
Transmission

Increments
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Incremental-Redundancy Hybrid ARQ
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Incremental-Redundancy Hybrid ARQ
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Incremental-Redundancy Hybrid ARQ
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The probability that the decoder declares failure is PISﬁgK. Samuell
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Incremental-Redundancy Hybrid ARQ
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Incremental-Redundancy Hybrid ARQ
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Incremental-Redundancy Hybrid ARQ
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What if | am limited to five transmissions?

AWGN SNR 2.00 dB, ¢ = 107
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A real system [Williamson 2015]
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A real system [Williamson 2015]

AWGN SNR 2.00 dB, ¢ =107
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Increments and cumulative blockengths
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Increments and cumulative blockengths
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Increments and cumulative blockengths

Stopping after m transmissions leads to little loss
in many cases [Heindlmaier and Soljanin].

I[e/ V% Samueli
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But How To Optimize Transmission Lengths?

Ny =) 4. (1)

2)

Samueli
UCLA ooooooo fEngineering 39

Copyright 2018 Richard Wesel



Block Length n* where i > k: k=96 bits

Information-density stopping time, k =96, C=0.6421, SNR=2.000 dB

Probability density
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Effective rate k/n” where i > k: k=96 bits

Effective rate at stopping time, k =96, C = 0.6421, SNR=2.000 dB

—-=-= Shannon k/C =149, R = 0.6443
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CDF of Effective rate k/n" where i > k: k=96

Cumulative probability

CDF of effective rate, k=96, C=0.6421, SNR=2.000 dB
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P, x for actual code also matches Gaussian

Probability of Acknowledgement for k = 64
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A Closer Look at E[N]

p.d.f. of rate until the decoder converges to the correct codeword

(0]

»

— VLFT Simulation
Gaussian Approx.
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Probability Density Function
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+ N
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But How To Optimize Transmission Lengths?

JE[N] _

Py + (N1 = Np)PO) =0
0N,

Samueli
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But How To Optimize Transmission Lengths?

For g > 2 g—ﬁ@ = 0 depends only on {N;_2, N;_1,N;} as
follows: i
OE|N N;_ N;_ N;_
8N[- 1] - P/SxCK ) fr (Vg = Nf)PA(CK t P/§CK o, (6)
o
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Sequential Differential Optimization

7
Nz = Ny + %5 (5)

B P=p
Ni=Nia+ =2y (7
ACK

Note that SDO requires a differentiable PDF for P, .
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Sequential Differential Optimization

7
Nz = Ny + %5 (5)

B P=p
Ni=Nia+ =2y (7
ACK

Note that SDO gives a solution for each possible value of Ny
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The evolution of transmission lengths

95 100 105 110 115 120 125 130
Initial Transmission Length N 1
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SDO matches Exhaustive Search

AWGN SNR 2.00 dB, c = 1073
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SDO can optimize any number of lengths

AWGN SNR 2.00dB, ¢ =107
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Inter-Frame Coding

Mansour
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Implementation of Incremental Redundancy w/o Feedback
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Inter-frame Coding

Variable-length |
Code Input W |
: ) VL Encoder
Variable-length i
(1) D) (1) (1) (1)
Code Output %o |X1 |X2 |X3 |X4
o N
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Inter-frame Coding

Variable-length | ‘
Code Input ‘ Wi | ‘ Wy | o o o W,
Lk e L T
. T . VL Encoder .. i T
Variable-length — - ; o T
Code Output xM |X§1)|X2“)|X§”|Xi“ x@ |X{2)|X§2)|X§2) X2 o e e X |X{nc)|Xénc)X§nv)|X§nc)
o N
Transmitted y
Symbols ARG R
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Inter-frame Coding

Variable-length | |
Code Input ‘ 4! ) ‘ Wo | o o o W,
: ' i VL Encoder
Variable-length | R
Code Outpugt Xél) |Xf1)|Xél)|X§1)|X£1) X[()z) |X{2)|X§2) | X§2)|X§2)| e o o Xénc) anc) XQ(""')lXé"C)IXi"‘)
o N
Transmitted -
Symbols x| xp e x| h]

n=x{+x® +x"
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Inter-frame Coding

Variable-length :I ‘
Code Input Wi . Wy ) o o o | W,
: T : VL Encoder :
Variable-length [ REITI :
Code Output Xg" |X{l)|X§1)|X§1)|X§U X3 |X{2)|X§2)|X§2)|X§2)| o o o x(m) anp)IXgnc)lXén(»lXim)
Co TN
Transmitted o) o —
Symbols Xo | %o e X, | I | I |
I = Xél) +Xi2)
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Inter-frame Coding: Peeling Decoder

I

I

I3

1y
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Inter-frame Coding: Peeling Decoder

Attempting decoding 6(0) 6(1) 6(2) 6(3) (x "
Decoding Succeeded
Decoding Failed 5(0) 6(1) 6(2) 6(3) (x@ .
0(0)0(1) 6(2) 6(3) (x@
I3
5(0) 8(1) 6(2) 6(3) (x@
1,
6(0) (1) 6(2) 6(3) (xt
Ini
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Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

Iy

I3

1,
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Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

6(0)

I

I,

I3

1y

Samueli
UCLA School of Engineering )

Copyright 2018 Richard Wesel



Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

5(0)

5(0) 8(1) 6(2) 8(3) (x

5(0)

5(0)0(1)6(2) 6(3) (x»

I

I,

I3

1y
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Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

6(0)

I3
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Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

I3
5(0) 5(1) 6(2) 6(3)

6(0)
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Inter-frame Coding: Peeling Decoder

Attempting decoding
Decoding Succeeded
Decoding Failed

I3
§(0) 5(1) 6(2) 6(3)
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Stop Feedback Summary

For short messages, stop feedback dramatically increases achievable rate.

This is because it allows a variable-length code that stops when a reliable decision is
available.

The theoretical analysis assumes we check accumulated information density for every
codeword after every symbol

But real systems can achieve similar performance by checking decoder reliability at a
few key times determined by sequential differential optimization.

You can also use many variable-length short codes in parallel and use linear
combinations of increments and a peeling decoder to avoid using feedback
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Act 3:
Full feedback further increases
the rate of short messages that
achieve a target reliability
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Full Feedback

* Stop Feedback increases achievable rate by stopping
transmission as soon as possible

* Full feedback also does this, but additionally increases

achievable rate by avoiding telling the receiver things that
it already knows.
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Horstein’s Full Feedback Algorithm for the BSC

A
1.O = T 3
1.0 ) 51 1%
' '}
B
P
0.5+ M= |9
P J |
\ A
l )
0 ' > plx) oL+
2po 240
(b) (¢)

Fig. 2—Selection of the transmitted symbol.

From Horstein Trans. IT 1963

Make sure each transmitted bit is
conveying a full bit of useful information in
light of what the receiver already knows.
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Finite blocklength sequential transmission

AN EIGHT-MESSAGE EXAMPLE ON

Fooy =1
THE BSC [rO="e
« There are M = 2¥ messages {1,2, -, M}. _'pz(O) =1/
 The true message is 6. 9—» -p3(0) = 1/g
« The Orlgln_?J prior probabilities are all - a(0) = 1/
pi(0) =27~ :
-ps(0) = 1/8
H -p6(0) = 1/g
-p7(0) = 1/8
H - pg(0) = 1/g




Finite blocklength sequential transmission

AN EIGHT-MESSAGE EXAMPLE ON
THE BSC

« There are M = 2¥ messages {1,2, -, M}.
 The true message is 6. 60—

* The original prior probabilities are all
pi(0) = 27%.
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Finite blocklength sequential transmission

AN EIGHT-MESSAGE EXAMPLE ON
THE BSC

« There are M = 2¥ messages {1,2, -, M}.

]

KX EN EN KN EN N RN ES

 The true message is 6.

* The original prior probabilities are all
pi(0) = 27%.

Divide the interval into two sets, Set 0
and Set 1, Each having probability 7.




Finite blocklength sequential transmission

AN EIGHT-MESSAGE EXAMPLE ON
THE BSC

« There are M = 2¥ messages {1,2, -, M}.

- y(i)=0

]

KX EN EN KN EN N RN ES
\
|

 The true message is 6.

* The original prior probabilities are all
pi(0) = 27%.

Divide the interval into two sets, Set 0
and Set 1, Each having probability 7.

J

Transmit y(6), whichisa 0if 8 isin S,
and transmita 1 if 6 isin §;.




Computing the posterior p;(n + 1) from p;(n)

=

It's a BSC with probability of error p so

- y(6)

{V(Q) with probabilityg =1 —p
Y =

v(6) with probability p. 60—,

* The posteriors are updated as follows:

J

( N
p (WP = y(D)ID) -
POY = 7(0) whenY = y(i) W
Pi (n)P(Y =_){(l)|l) whenY = m
. P(Y =y(®)

EENENEN | 2]
\
|




Computing marginal output probabilities P(Y)

MARGINAL OUTPUT PROBABILITIES FOR

moq+mp forY =0
P(Y) =
mop+miq forY =1

THE BSC
» Define the marginal probabilities of S, and ;. - T
* 1o = P(S,)
+ = P(S) i
« It's a BSC with probability of error p so
H Ty
0




Computing the posterior p;(n + 1) from p;(n)

MARGINAL OUTPUT PROBABILITIES FOR h
THE BSC
2
« But if thi ' II. I —
ut if things are going we T
* Ty = 1/2
c =1/ n |
1/, forY =0 H T4
- P(Y)= ~
1/, forY =1




Computing the posterior p;(n + 1) from p;(n)

®* The posteriors are updated as follows:

60—
p
pi(n)q o
PY = 7 (1) whenY = y(i)
pi(n+1) =1 -
pi\n)p TN
(v = ) when Y = y(i)
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Computing the posterior p;(n + 1) from p;(n)

®* The posteriors are updated as follows:

60—
pi(n)2q whenY =y (i)
pi(n+1) =
pi(n)2p whenY = y(i)

EXEN KN CNEN N NN
N IR R



Horstein’s assignment” to Sy and S,

SOMETIMES THE MEDIAN LINE 1
DIVIDES A MESSAGE

In this case Hornstein performs
random encoding

94‘“



Horstein’s assignment” to Sy and S,

SOMETIMES THE MEDIAN LINE 1
DIVIDES A MESSAGE

In this case Hornstein performs
random encoding
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Shayevits and,Feder Generalize Horstein

Posterior Matching
General and rigorous Treatment:

Shayevitz and Feder generalized
Horstein’s approach to any DMC using
the framework of posterior matching.

When posterior matching is applied to
the BSC, it naturally reduces to the
Horstein scheme.

UCLA Samueli
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Active Sequential Hypothesis Testing (ASHT)

Naghshvar Javidi
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Reordering (Naghshvar’s MaxEJS)

BUT THERE ARE MANY SMALL
MESSAGES
Naghshvar et al. simply move 6‘*'
the messages around to allow a 2
nice split right at (or very near

to) 1-.

O
3|



Reordering (Naghshvar’s MaxEJS)

A T

BUT THERE ARE MANY SMALL
MESSAGES 1
o= Y=
Naghshvar et al. simply move 7
the messages around to allow a 2
nice split right at (or very near ~
to) 1-.
I -y ()=
4

—



Finally, a non-asymptotic bound

Extrinsic Jensen-Shannon Divergence

The Extrinsic Jensen-Shannon (EJS)
Divergence is a metric that indicates how
informative a transmitted symbol will be.

By maximizing EJS, Naghshvar, Javidi, and
Wigger provide a version of Horstein’s
algorithm that can be analyzed non-
asymptotically

Solves the “coin-weighing” problem for
every transmission by REORDERING the
messages.
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Finally, a non-asymptotic bound
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“Climbing Mount Posterior”




The Journey Begins...

o, (0)=%



1

How long to reach the Plateau of pg (T)=2

1o, (T)%




1

Random walk from pg (O):M to pg(7) = ;—

ASSUME (FOR NOW) THAT rry, = m; = 1/,

Define a random walk based on the log of the posterior of the
true message:

Sn = logpg(n)

log2qg with probability q
Sn+1 =95, +X where X =
log2p  with probability p

Consider the expected value of the step size:
EX =plog2p + qlog2q

EX=1-H(p)

EX=C



Random walk from pg (O)=Ilg to pg(7) = ;—

So = log pg(0) = —logM




Wald’s Equality

ABRAHAM WALD: ES, = S, + ETEX

« Using Wald’s equality:

EST_SO Abraham Wald

e F1T =
EX
O+log M
e F1 < 5
log M

e [T <K



Random walk from pg (O)=Ilg to pg(7) = ;—




A Markov Chain

93



ET from p9(0)=;— topg(t) =2 1—¢€ {

“Time of First Passage”



Amaael Antonini: Algorithm and Bounds for BSC

Amaael Antonini
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Amaael Antonini’s Algorithm

Q So S1
i Threshold

0 1/8 1/4 o 1/8 1/4 0  1/8
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Amaael Antonini’s Algorithm

- L Qh hold
pr—— o _Jhresho
SE— ]

— —

0 1/8 0 1/8 0 1/8 1/4
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Amaael Antonini’s Algorithm

Partition
%0 {HLE[ L >
0 1/8 1/4 0 1/8 1/4
case Y; 11 =0 Update case Yy 1 =1
So l S1 So .“ S1
o 1/8 1/4 0 1/8 1/4 0 1/8 1/4 0o 1/8 1/4
case Y;11 =0 Combine case ;.1 =1

i R
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Now we are looking at the first 200 symbols

0.7 BI-AWGN J)hannel, SNR = 2dB, Capacity=0.6422
. : B Bl B T B I I T
: “1=96 k=192" k=288
0B5L & e e e e e e e e e m mm = e et - — = =
06F : N .
k=32 i _a-T
1 R S .
+— B 7
2 osf A .
S A Y I
v e
2 045 i e -
= I’ k=64 ’_,-""
8 o04r PR gl -
8 I : "n.’//
o It R
3 0.35r- 1 // - =BI-AWGN capacity ]
- s - = VLF random coding lower bound
03 ! kil p A . |----Max. rate for fixed length code, no feedback | |
oosL . /o |...R=k/x k=16, 32, 64, 96, 192, 288 i
1 3 ’
I 3,1,/ : ' -
0.2 ! L i P | |
0 100 20( 300 400 500 600
Average Blocklength ()
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Amaael Antonini’s Bounds and Algorithm

0.5

0.45

I

—-—-¢ Capacity

—e— SPM Rand. Alg.

T —— SPM Algorithm

—-—-Sys. Lower Bound
SEAD Rate Bound |

—-—=-Yang’s Lower Bound |]

—-—-VLF Lower Bound

——FER SPM Rand.
——FER SPM Stand.

11071

A o S e i e -

1

11073

80 100 120 140 160

Block Size 1

180 200
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Full Feedback Summary

* Full feedback increases achievable rate by avoiding telling
the receiver things that it already knows.

e Capacity can be approached with even 100 channel uses.
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