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Communicating Short Messages with Feedback

• Feedback does not increase capacity, but

• For short messages, it can increase the rate

• Two main ways to use feedback

1. Stop Feedback - that only decides when to stop transmission

2. Full Feedback - that helps determine each transmitted symbol
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Stop Feedback System Model
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Feedback Timeline

Even Full Feedback does not increase 
capacity

Shannon 1956

Brilliant algorithm using full feedback on 
the binary symmetric channel

Horstein 1963

Analytical proof that feedback improves 
error exponent

Burnashev 1976

Posterior Matching – generalizes Horstein 
for any DMC

Shayevitz & Feder 2011

Achievability bounds for stop-Feedback 
for finite block-lengths

Polyanskiy, Poor, Verdu 2011

Stop feedback for practical 
communication

Vakilinia, Williamson, 
Ranganathan, Wang, Yang, 
Wesel

Improved bounds and low complexity 
posterior matching for full feedback on 
the BSC

Yang, Antonini, Gimelshein, 
Wesel 2020-2024
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Communicating Short Messages 

1. Feedback does not increase capacity

2. Stop feedback increases the rate of short 
messages that achieve a target reliability

3. Full feedback further increases the rate of short 
messages that achieve a target reliability
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A Play in Three Acts



Act 1: 
Feedback does not increase capacity.
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By Jacobs, Konrad - http://owpdb.mfo.de/detail?photo_id=3807, CC BY-SA 
2.0 de, https://commons.wikimedia.org/w/index.php?curid=45380422

Even Full Feedback does not increase capacity

Shannon
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Receiver𝑌!
Forward
Channel

𝑋!Transmitter𝑊

Consider the gain in mutual information 𝛥𝐼
from transmitting 𝑋! = 𝑓 𝑊, 𝑌"⋯𝑌!#" . 
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𝑌!⋯𝑌#$! 𝑌!⋯𝑌#$!
𝐵 = 𝑌!⋯𝑌#$!feedBack:

Mutual information between message 𝑊and receiver’s knowledge

Before we send 𝑋# = 𝑓 𝑊, 𝑌!⋯𝑌#$! : 

After we send 𝑋# = 𝑓 𝑊, 𝑌!⋯𝑌#$! : 

𝐼(𝑊; 𝐵)

𝐼(𝑊; 𝐵, 𝑌#)

𝑌#

Copyright 2018 Richard Wesel

△ 𝐼 = 𝐼 𝑊;𝐵, 𝑌# − 𝐼(𝑊; 𝐵)



It turns out that 𝛥𝐼cannot exceed C
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△ 𝐼 =$
!

𝑃" 𝑏 △ 𝐼 𝑏

For each possible feedback 𝑏, △ 𝐼 𝑏 	≤ 𝐶.



Act 2:  
Stop feedback increases the rate 
of short messages that achieve a 

target reliability
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“Stop” Feedback for Short Messages
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By Royal Society uploader - Own work, CC BY-SA 4.0, 
https://commons.wikimedia.org/w/index.php?curid=34583438

Polyanskiy Poor Verdu
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An information density analysis that bit 
on their earlier work.



Information Density 𝒊
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• Information density 𝑖 is The stochastic symbol-wise random 
variable whose expectation is the mutual information.

• Computed per possible codeword using a received symbol 𝑦/ 
and the corresponding symbol &𝑥/from a potential codeword.

Copyright 2018 Richard Wesel



Information Density

15

• Computed using a received symbol 𝑦/ and the corresponding 
symbol &𝑥/from a potential codeword.

• Accumulated information density (AID) adds up these symbol-
wise terms.
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Accumulated Information Density and 𝐼(𝑋; 𝑌)
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The Information Density Stopping Rule
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• The receiver decides to terminate decoding when the accumulated 
information density for one of the possible codewords is above 𝛾.

• Reasonable values of 𝛾 are on the order of the number of bits 𝑘 in 
the message.

• Increasing	𝛾 lowers the probability of error but also increases the 
stopping time.
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Block-length 𝒏∗ where 𝒊 ≥ 𝒌: k=10,000 bits
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Block-length 𝒏∗ where 𝒊 ≥ 𝒌: k=96 bits
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Polyanskiy,Poor, Verdu Achievable Rates

Polyanskiy, Poor, and Verdu 2010

Polyanskiy, Poor, and Verdu 2011 NoFeedback

Random Coding and “Stop” Feedback



A dramatic increase in rate at short blocklength
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Frame error rate 10-3

Polyanskiy, Poor, and Verdu 2010

Polyanskiy, Poor, and Verdu 2011
NoFeedback

Random Coding and “Stop” Feedback

0.27 dB from
Shannon Limit
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Real codes, 5 Transmissions, Constant Increments

1024-state TBCC
(123,0.52)

NB-LDPC
(336,0.57)

PBRL-LDPC
(344,0.56)



Limite Feedback, but more than Stop Feedback
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0.53 dB from
Shannon Limit
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Rate-Compatible Coding with Limited Feedback
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Vakilinia
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A Rate-compatible Encoder

Rate-Compatible Encoder 

Initial 
Transmission

Increments
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𝑌!
Forward
ChannelTransmitter

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel

Receiver
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𝑌!
Forward
ChannelTransmitter

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel
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𝑌!
Forward
Channel

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel

NACKTransmitter Receiver
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𝑌!
Forward
ChannelTransmitter

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel
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𝑌!
Forward
ChannelTransmitter

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel

Receiver
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ACK𝑌!
Forward
ChannelTransmitter

Incremental-Redundancy Hybrid ARQ
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Feedback
Channel

Receiver
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What if I am limited to five transmissions?
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ACK based on exceeding an
 information density threshold

[Polyanskiy et al. 2011]

How well can I do with a real code 

and a limited number of tra
nsmissions,

say five. 
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𝑌!
Forward
ChannelTransmitter

A real system [Williamson 2015]
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Feedback
Channel

Receiver
k=64, Rate-1/3, 1024-state, 
tail-biting convolutional code 
(TBCC) with pseudorandom 
puncturing [Ma et al. 1986]

Binary-input AWGN
Channel with 
SNR=2dB

Tail-biting ROVA 
[Williamson 2014]

Maximum of four 
ACK/NACK 
transmissions
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A real system [Williamson 2015]
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Exceeds PPV 
lower bound

Copyright 2018 Richard Wesel



35

Increments and cumulative blockengths
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Increments and cumulative blockengths
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Increments and cumulative blockengths

Stopping after m transmissions leads to little loss
in many cases [Heindlmaier and Soljanin].
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But How To Optimize Transmission Lengths?
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B𝐥𝐨𝐜𝐤	𝐋𝐞𝐧𝐠𝐭𝐡	𝒏∗ where 𝒊 ≥ 𝒌: k=96 bits
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Effective rate 𝒌/𝒏∗ where 𝒊 ≥ 𝒌: k=96 bits

40
Copyright 2026 Richard Wesel



CDF of Effective rate 𝒌/𝒏∗ where 𝒊 ≥ 𝒌: k=96
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𝑃)*+ for actual code also matches Gaussian
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A Closer Look at E[N]
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But How To Optimize Transmission Lengths?

44
Copyright 2018 Richard Wesel



But How To Optimize Transmission Lengths?
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Sequential Differential Optimization
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Note that SDO requires a differentiable PDF for 𝑃%&'.
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Sequential Differential Optimization
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Note that SDO gives a solution for each possible value of 𝑁!
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The evolution of transmission lengths
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SDO matches Exhaustive Search
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SDO can optimize any number of lengths

50
Copyright 2018 Richard Wesel



Inter-Frame Coding
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Mansour
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Implementation of Incremental Redundancy w/o Feedback
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Haobo Wang
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Inter-frame Coding
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Inter-frame Coding

54
Copyright 2018 Richard Wesel



Inter-frame Coding
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Inter-frame Coding
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Inter-frame Coding: Peeling Decoder
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!! =

Copyright 2018 Richard Wesel



Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Inter-frame Coding: Peeling Decoder
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Attempting decoding
Decoding Succeeded
Decoding Failed
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Stop Feedback Summary
• For short messages, stop feedback dramatically increases achievable rate.

• This is because it allows a variable-length code that stops when a reliable decision is 
available. 

• The theoretical analysis assumes we check accumulated information density for every 
codeword after every symbol

• But real systems can achieve similar performance by checking decoder reliability at a 
few key times determined by sequential differential optimization.

• You can also use many variable-length short codes in parallel and use linear 
combinations of increments and a peeling decoder to avoid using feedback
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Act 3:  
Full feedback further increases 
the rate of short messages that 

achieve a target reliability

66
Copyright 2018 Richard Wesel



Full Feedback
• Stop Feedback increases achievable rate by stopping 

transmission  as soon as possible

• Full feedback also does this, but additionally increases 
achievable rate by avoiding telling the receiver things that 
it already knows. 
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Horstein’s Full Feedback Algorithm for the BSC

68

From Horstein  Trans. IT 1963

Copyright 2018 Richard Wesel

Make sure each transmitted bit is 
conveying a full bit of useful information in 
light of what the receiver already knows.



• There are 𝑀 = 2(	messages 1,2,⋯ ,𝑀 .
• The true message is 𝜃.
• The original prior probabilities are all 
𝜌) 0 = 2$(.

AN EIGHT-MESSAGE EXAMPLE ON 
THE BSC 1
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𝜌! 0 = -1 8

𝜌" 0 = -1 8

𝜌# 0 = -1 8

𝜌$ 0 = -1 8

𝜌% 0 = -1 8

𝜌& 0 = -1 8

𝜌' 0 = -1 8

𝜌( 0 = -1 8

𝜃

Finite blocklength sequential transmission



Finite blocklength sequential transmission
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𝜃
• There are 𝑀 = 2(	messages 1,2,⋯ ,𝑀 .
• The true message is 𝜃.
• The original prior probabilities are all 
𝜌) 0 = 2$(.

AN EIGHT-MESSAGE EXAMPLE ON 
THE BSC
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𝜃
• There are 𝑀 = 2(	messages 1,2,⋯ ,𝑀 .
• The true message is 𝜃.
• The original prior probabilities are all 
𝜌) 0 = 2$(.

• Divide the interval into two sets, Set 0 
and Set 1, Each having probability ½.

AN EIGHT-MESSAGE EXAMPLE ON 
THE BSC

Finite blocklength sequential transmission
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𝜃
• There are 𝑀 = 2(	messages 1,2,⋯ ,𝑀 .
• The true message is 𝜃.
• The original prior probabilities are all 
𝜌) 0 = 2$(.

• Divide the interval into two sets, Set 0 
and Set 1, Each having probability ½.

• Transmit 𝛾 𝜃 , which is a 0 if 𝜃 is in 𝑆0 
and transmit a 1 if 𝜃 is in 𝑆!.

AN EIGHT-MESSAGE EXAMPLE ON 
THE BSC

𝛾 𝑖 =0

𝛾 𝑖 =1

Finite blocklength sequential transmission



• It’s a BSC with probability of error 𝑝 so 

𝑌 = $
𝛾 𝜃 	with	probability	𝑞 = 1 − 𝑝

𝛾 𝜃 	with probability 𝑝.	

• The posteriors are updated as follows:      

𝜌! 𝑛 + 1 =

𝜌! 𝑛 𝑃 𝑌 = 𝛾 𝑖 |𝑖
𝑃(𝑌 = 𝛾 𝑖 ) 	 when	𝑌 = 𝛾 𝑖

𝜌! 𝑛 𝑃 𝑌 = 𝛾 𝑖 |𝑖
𝑃(𝑌 = 𝛾 𝑖 )

	 when	𝑌 = 𝛾 𝑖

Computing the posterior	𝜌- 𝑛 + 1  from 𝜌- 𝑛

1
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4

5

6

7

8

𝜃 𝛾 𝜃

𝛾 𝜃



• Define the marginal probabilities of 𝑆0 and 𝑆!.
• 𝜋0 = 𝑃 𝑆0
• 𝜋! = 𝑃 𝑆!    

• It’s a BSC with probability of error 𝑝 so 

𝑃 𝑌 = ?
𝜋0q+𝜋!p	 for	𝑌 = 0

𝜋0p+𝜋!q	 for	𝑌 = 1
	

MARGINAL OUTPUT PROBABILITIES FOR 
THE BSC

𝜋5

𝜋6

1

2

3

4

5

6

7

8

Computing marginal output probabilities 𝑃(𝑌)



• But if things are going well.
• 𝜋0 = ⁄! "

• 𝜋! = ⁄! "

• 𝑃 𝑌 = ?
⁄! " 	 for	𝑌 = 0

⁄! " 	 for	𝑌 = 1
	

MARGINAL OUTPUT PROBABILITIES FOR 
THE BSC

𝜋5

𝜋6

1

2

3

4
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7

8

Computing the posterior	𝜌- 𝑛 + 1  from 𝜌- 𝑛



• 	The posteriors are updated as follows:      

𝜌) 𝑛 + 1 =

𝜌) 𝑛 𝑞
𝑃(𝑌 = 𝛾 𝑖 )

	 when	𝑌 = 𝛾 𝑖

𝜌) 𝑛 𝑝
𝑃(𝑌 = 𝛾 𝑖 )

	 when	𝑌 = 𝛾 𝑖
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Computing the posterior	𝜌- 𝑛 + 1  from 𝜌- 𝑛



• 	The posteriors are updated as follows:      

𝜌) 𝑛 + 1 = ?
𝜌) 𝑛 2𝑞	 when	𝑌 = 𝛾 𝑖

𝜌) 𝑛 2𝑝	 when	𝑌 = 𝛾 𝑖
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𝜃
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5678

𝜃

Computing the posterior	𝜌- 𝑛 + 1  from 𝜌- 𝑛



In this case Hornstein performs 
random encoding

SOMETIMES THE MEDIAN LINE 
DIVIDES A MESSAGE 

Horstein’s assignment* to 𝑆/ and 𝑆"

1

2

3

4

5678

𝜃



In this case Hornstein performs 
random encoding

SOMETIMES THE MEDIAN LINE 
DIVIDES A MESSAGE 

Horstein’s assignment* to 𝑆/ and 𝑆"

1

2

3

4

5678

𝜃



Shayevits and Feder Generalize Horstein
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General and rigorous Treatment:
Shayevitz and Feder generalized 
Horstein’s approach to any DMC using 
the framework of posterior matching.
When posterior matching is applied to 
the BSC, it naturally reduces to the 
Horstein scheme.

Posterior Matching



Active Sequential Hypothesis Testing (ASHT)
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Naghshvar Javidi
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BUT THERE ARE MANY SMALL 
MESSAGES

Reordering (Naghshvar’s MaxEJS)

1

2

3

4

5

6

7

8

𝜃Naghshvar et al. simply move 
the messages around to allow a 
nice split right at (or very near 
to) ½.



Reordering (Naghshvar’s MaxEJS)
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7
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𝜃
𝛾 𝑖 =0

𝛾 𝑖 =1

BUT THERE ARE MANY SMALL 
MESSAGES

Naghshvar et al. simply move 
the messages around to allow a 
nice split right at (or very near 
to) ½.



Finally, a non-asymptotic bound
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Extrinsic Jensen-Shannon Divergence
The Extrinsic Jensen-Shannon (EJS) 
Divergence is a metric that indicates how 
informative a transmitted symbol will be.  

By maximizing EJS, Naghshvar, Javidi, and 
Wigger provide a version of Horstein’s 
algorithm that can be analyzed non-
asymptotically

Solves the “coin-weighing” problem for 
every transmission by REORDERING the 
messages.



Finally, a non-asymptotic bound
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“Climbing Mount Posterior”



The Journey Begins…

𝜌7 0 =6
8



How long to reach the Plateau of 𝜌0 𝜏 ="
1
.

𝜌7 𝜏 =6
9

𝐸 𝜏 =?



• Define a random walk based on the log of the posterior of the 
true message:

• 𝑆1 = log 𝜌2 𝑛

• 𝑆13! = 𝑆1 + 𝑋    where 𝑋 = P
log 2𝑞	 with	probability	q

	
log 2𝑝 	 with	probability	𝑝

• Consider the expected value of the step size:
• 𝐸𝑋 = 𝑝 log 2𝑝 + 𝑞 log 2𝑞
• 𝐸𝑋 = 1 − 𝐻 𝑝

• 𝐸𝑋 = 𝐶

ASSUME (FOR NOW) THAT 𝜋Y = 𝜋Z = ⁄Z [	

Random walk from 𝜌0 0 ="
5
	 𝐭𝐨	𝜌0 𝜏 ≥ "

1



Random walk from 𝜌0 0 ="
5
	 𝐭𝐨	𝜌0 𝜏 ≥ "

1

𝑆5 = log 𝜌7 0 = −log𝑀

−1 ≤ 𝑆:< 0



• Using Wald’s equality:
• 𝐸𝜏 = \]!^]"

\_

• 𝐸𝜏 < Y`abcd
e

• 𝐸𝜏 < abc d
e

ABRAHAM WALD: 𝑬𝑺𝝉 = 𝑺𝟎 +𝑬𝝉𝑬𝑿

Wald’s Equality

Abraham Wald



Random walk from 𝜌0 0 ="
5
	 𝐭𝐨	𝜌0 𝜏 ≥ "

1

𝜌7 𝜏 =6
9

𝐸 𝜏 <
log𝑀
𝐶𝜌7 0 =6

8

Abraham Wald
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A Markov Chain

𝑆 = 0 𝑆 = log
𝑞
𝑝 𝑆 = log

1 − 𝜖
𝜖

 ∗⋯𝐸𝜏 < 1 +
log 1𝑝
𝐶

1 1

1



𝐸𝜏 from 𝜌0 0 ="
1
	 𝐭𝐨	𝜌0 𝜏 ≥ 1 − 𝜖 

𝐸 𝜏 ≈
log 1 − 𝜖𝜖  ∗

𝐶$

“Time of First Passage”



Amaael Antonini:  Algorithm and Bounds for BSC
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Amaael Antonini



Amaael Antonini’s Algorithm
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Amaael Antonini’s Algorithm
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𝑌 = 1

𝑌 = 0



Amaael Antonini’s Algorithm
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Now we are looking at the first 200 symbols
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Amaael Antonini’s Bounds and Algorithm
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Full Feedback Summary

• Full feedback increases achievable rate by avoiding telling 
the receiver things that it already knows.

• Capacity can be approached with even 100 channel uses.

101
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